Algebraic description of chiral anomalies and superspace geometry  by Girardi, G.A. & Grimm, R.
Available online at www.sciencedirect.comScienceDirect
Nuclear Physics B 912 (2016) 224–237
www.elsevier.com/locate/nuclphysb
Algebraic description of chiral anomalies 
and superspace geometry
G.A. Girardi ∗, R. Grimm
Centre de Physique Théorique, UPR 7061, C.N.R.S. Luminy, Case 907, F-13288 Marseille Cedex 09, France
Received 5 May 2016; received in revised form 7 June 2016; accepted 9 June 2016
Available online 14 June 2016
Editor: Hubert Saleur
Abstract
The supersymmetry of the non abelian chiral anomaly is exhibited, up to trivial terms, using descent 
equations and triangle formulas in the framework of N = 1 superspace geometry in four dimensions.
© 2016 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.* Correspondence to S. Lazzarini, e-mail: serge.lazzarini@cpt.univ-mrs.fr.
E-mail addresses: girardi.georges@neuf.fr (G.A. Girardi), richard.grimm@orange.fr (R. Grimm).
http://dx.doi.org/10.1016/j.nuclphysb.2016.06.015
0550-3213/© 2016 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
G.A. Girardi, R. Grimm / Nuclear Physics B 912 (2016) 224–237 225Pour que le caractère d’un être humain
dévoile des qualités vraiment exceptionnelles,
il faut avoir la bonne fortune de pouvoir
observer son action pendant de longues années.
Si cette action est dépouillée de tout égoı˝sme,
si l’idée qui la dirige est d’une générosité
sans exemple, s’il est absolument certain
qu’elle n’a cherché de récompense nulle part
et qu’au surplus elle ait laissé sur le monde
des marques visibles, on est alors, sans risque
d’erreurs, devant un caractère inoubliable.
Jean Giono, “L’homme qui plantait des arbres”
1. Introduction
After the consistency conditions established by Wess and Zumino [1] and remarks concerning 
their cohomological nature by Biedenharn [2], the algebraic description of chiral anomalies has 
been initiated by Becchi, Rouet and Stora [3] and reviewed and further developed in [4–6], to 
cite a few among many other articles. The present work is based on the formulation of Mañes, 
Stora and Zumino [7].
For the case of simple supersymmetry in four dimensions the analysis of Piguet, Sibold and 
Schweda [8] and of Piguet and Sibold [9] showed the uniqueness of the anomaly in supersym-
metric Yang–Mills theory and the triviality in the sector of supersymmetry transformations.
At this time, Raymond Stora became interested in the subject, in particular in relation with 
investigations of Bonora, Pasti and Tonin [10], giving rise to publication [11]. In that paper 
we suggested to establish explicitly the supersymmetry of the anomaly by using the algebraic 
description applied to the formulation of Yang–Mills theory in superspace geometry. It was Ray-
mond who insisted to carry out this work and his ideas and insight were crucial to the results 
obtained.
In this hommage to our mentor and friend, we would like to outline the main general ideas 
used in this joint work, both from the point of view of superspace geometry and of algebraic 
methods.
In section 2, a concise description of supersymmetric Yang–Mills theory is presented. Sec-
tion 3 reviews aspects of the algebraic formulation, in particular the descent equations and the 
triangle formula. Finally, in section 4, the chiral supersymmetric anomaly is discussed in this 
framework.
2. Yang–Mills gauge structure in superspace
Consider a gauge potential one form in superspace
A = EAAA, (2.1)
subject to gauge transformation:
A −→ X−1AX −X−1dX, (2.2)
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covariant field strength F of A is a two form in superspace (or a super-form)
F(A) = dA+AA, (2.3)
which transforms as
F −→ X−1 F X (2.4)
and satisfies Bianchi’s identities
DF = 0, (2.5)
where the covariant derivative is defined as
DF = dF −AF + FA. (2.6)
We will also consider matter superfields  and ¯ with gauge transformations
 −→ X−1 , ¯ −→ ¯X (2.7)
and corresponding covariant derivatives
D = d−A , D ¯ = d¯+ ¯A. (2.8)
Applying the covariant derivative once more entails
DD = −F  , DD¯ = ¯F. (2.9)
The matter superfields in simple four dimensional supersymmetry1 are supposed to satisfy co-
variant chirality and antichirality conditions
Dα˙ = 0 , Dα¯ = 0. (2.10)
Consistency with these conditions implies that
F β˙α˙(A) = 0 , Fβα(A) = 0. (2.11)
These constraint equations for Aα˙ and Aα are solved in terms of pre-gauge potentials U and V
Aα˙ = −U−1Dα˙ U , Aα = −V −1Dα V, (2.12)
whose gauge transformations should reproduce those of Aα and Aα˙ on the one hand but will also 
be subject to pre-gauge transformations  and ¯ which leave Aα and Aα˙ invariant, i.e.
U −→ −1 U X , V −→ ¯−1 V X, (2.13)
where  and ¯ are chiral and antichiral superfields
Dα˙  = 0 , Dα¯ = 0. (2.14)
Let us also mention that we impose the constraint
Fβ
α˙(A) = 0, (2.15)
which implies a harmless covariant redefinition of the gauge potential Aa.
1 The superspace conventions are those of [12], extended version of the unpublished preprint LAPP-TH 275/90 by the 
same authors.
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ϕ = U AU−1 −UdU−1, (2.16)
 = U , ¯ = ¯U−1. (2.17)
Observe that these redefinitions have the form of gauge transformations. The new fields (ϕ, , ¯) 
are subject to gauge transformations in terms of the superfield 
ϕ −→ −1ϕ−−1d  (2.18)
 −→ −1 , ¯ −→ ¯ . (2.19)
As a consequence of previous definitions, the gauge potential ϕ = EA ϕA is given by
ϕα = −W−1DαW , ϕα˙ = 0 , ϕαα˙ = i2Dα˙ϕα, (2.20)
where we defined
W = V U−1, (2.21)
transforming as
W −→ ¯−1 W . (2.22)
The corresponding covariant field strength F(ϕ) is related to F(A) through
F(ϕ) = U F(A)U−1. (2.23)
As a consequence of (2.20) F β˙a(ϕ) has a simple expression2
Fβ˙ αα˙(ϕ) =
i
4
εβ˙α˙D¯
2ϕα, (2.24)
Fβa(ϕ) is however slightly more complicated.
Along the same lines we introduce variables (ϕ¯, 	, 	¯) related to (A, , ¯) by redefinitions 
involving, this time, the pre-gauge potential V , the counterparts of eq. (2.16) to eq. (2.24) read:
ϕ¯ = V AV −1 − V d V −1, (2.25)
	 = V , 	¯ = ¯V −1, (2.26)
with gauge transformations
ϕ¯ −→ ¯−1 ϕ¯ ¯− ¯−1d ¯, (2.27)
	 −→ ¯−1	 , 	¯ −→ 	¯ ¯. (2.28)
In turn ϕ¯ = EAϕ¯A is expressed as
ϕ¯α = 0 , ϕ¯α˙ = −W Dα˙W−1 , ϕ¯αα˙ = i2Dαϕ¯α˙, (2.29)
one defines similarly
F(ϕ¯) = V F(A)V −1 (2.30)
2 In the sequel we denote D2 = DαDα and D¯2 = Dα˙Dα˙ .
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Fβ αα˙ = + i4εβαD
2ϕ¯α˙, (2.31)
whereas Fβ˙ a has a complicated one. It should be noted that the relation between (ϕ, , ¯) and 
(ϕ¯, 	, 	¯) is given by a field dependent redefinition in terms of a gauge transformation involv-
ing W
ϕ = W−1ϕ¯ W −W−1dW, (2.32)
¯ = 	¯W ,  = W−1 	. (2.33)
The gauge structure defined so far can be visualized through the diagram
(A,, ¯,X)
(ϕ,, ¯,)
U
(ϕ¯,	, 	¯, ¯)
W=V U−1
V
Given the explicit construction, the Bianchi identities for F(A), F(ϕ), F(ϕ¯) have the same 
form, they are summarized in
Fβa = i(σa)β β˙Wβ˙ ,
F β˙a = −i(σ¯a)β˙βWβ, (2.34)
Fba = 12 (σba)
βαDαWβ + 12 (σ¯ba)
β˙α˙Dα˙Wβ˙
and
Dα˙Wα = 0 , DαW α˙ = 0 , DαWα −Dα˙W α˙ = 0. (2.35)
The BRS algebra in the basis (A, , ¯) is given as
sA = −dc −Ac − cA , sc = −c c. (2.36)
It is obtained from the “russian formula” which claims
F˜ (A˜) = d˜A˜+ A˜ A˜ = F(A) (2.37)
where one extends the couple (A, d) into the ghost direction defining A˜ = A + c and d˜ = d + s
and then considers the relations at fixed ghost number.3 In a similar way, the BRS transformations 
for the matter fields , ¯ can be derived from the corresponding “russian formula”:
D˜ = D , D˜¯ = D¯, (2.38)
to be given as
s = +c , s¯ = −¯ c. (2.39)
3 We shall often refer to (2.37) as “horizontality condition” for obvious reasons.
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obtained from that of A, , ¯ and c by the redefinitions in terms of U . More precisely, defining
ϕ˜ = UA˜U−1 −Ud˜U−1 with ϕ˜ = ϕ +ω, (2.40)
reproduces eq. (2.16) at ghost number 0. At ghost number 1 we obtain
ω = U(c − s)U−1 =⇒ s U = −U c +ωU. (2.41)
From (2.40) one derives
d˜ϕ˜ + ϕ˜ ϕ˜ = F˜ (ϕ˜) = U
(
d˜A˜+ A˜ A˜
)
U−1. (2.42)
Using the horizontality condition for F˜ (A˜), one obtains at ghost number 1
s ϕ = −dω − ϕ ω −ωϕ. (2.43)
Due to the explicit form of ϕ, cf. (2.20), this entails
Dα˙ ω = 0. (2.44)
The contribution at ghost number 2 is given as
s ω = −ωω (2.45)
and the BRS transformations of  and ¯, defined in (2.17), are obtained from those of , ¯ and 
U through the horizontality conditions
D˜  = D , D˜ ¯ = D ¯, (2.46)
to be
s  = ω , s ¯ = −¯ ω. (2.47)
In a completely analogous way, one derives the BRS differential algebra in the conjugate sector 
(ϕ¯, ω¯):
s ϕ¯ = −dω¯ − ϕ¯ω¯ − ω¯ϕ¯ , s ω¯ = −ω¯ ω¯,
s 	 = ω¯	 , s 	¯ = −	¯ ω¯, (2.48)
s V = −V c + ω¯ V ,
where Dα ω¯ = 0. The relation between the two sets of fields (ϕ, ω) and (ϕ¯, ω¯) is obtained using
s W = −W ω + ω¯W, (2.49)
for W = V U−1.
3. Algebraic description of chiral anomalies
The anomaly problem can be turned into a cohomological problem within the formalism of 
BRS algebra, with its two differentials d and s satisfying
d2 = 0 , s2 = 0 , sd + ds = 0. (3.1)
They act on the fields A = dxmAm and the Faddeev–Popov ghost c = icaλa as
sA = −dc − cA−Ac , sc = −c c, (3.2)
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In this context, we define the integrated anomaly as
a (A, c) =
∫
d4x ca(x)Ga(x), (3.3)
where Ga(x) is the standard non abelian anomaly term [13]
Ga(x) = 124π2 ε
klmnT r
[
λa∂k
(
Al∂mAn − 12AlAmAn
)]
, (3.4)
Ward identities would tell a = sW , W a local functional of the fields, however the anomaly 
just says
a = sW , s a = 0, (3.5)
the last relation expresses the consistency relations that a fulfills. The content of (3.5) is cohomo-
logical in essence: find objects like a which are closed under s, but not s-exact. The integrated 
anomaly (3.3) can be viewed as the integral of a 4-form in spacetime and of ghost degree 1, 
namely
a ∼
∫
M4
Q14, (3.6)
where the upper index counts the ghost number and the lower one refers to the spacetime form 
degree. Since the integrand is defined up to a total derivative, the consistency condition for Q14
reads
sQ14 + dQ23 = 0, (3.7)
this equation is at the core of the calculations in the last section for obtaining the supersymmetric 
form of the anomaly. Let us note also that solutions for Q14 are defined modulo terms like sW
0
4 +
dW 13 , where the W ’s are local functionals of the fields and derivatives. This means that there 
is no absolute expression for the anomaly, equivalent expressions may be more convenient in 
different situations.
Having shown the cohomological nature of the problem of anomalies, we describe below the 
algebraic apparatus used to treat it, as fully exposed in [7].
Let Jn(F, F, · · · , F) be a gauge invariant symmetric polynomial of degree n in F(A), valued 
in the Lie algebra of the gauge group; if we consider 2 connections A0 and A1, we have the 
Chern’s formula
Jn(F0,F0, . . . ,F0)− Jn(F1,F1, . . . ,F1) = dQ2n−1(A0,A1), (3.8)
which says that the difference between two Chern classes is an exact form; Q2n−1 forms are 
sometimes referred to as transgression forms. Defining the convex combination (still a connec-
tion)
At = t A1 + (1 − t)A0, t ∈ [0,1], (3.9)
we can write
4 The λa ’s span the basis of the Lie algebra of the gauge group under consideration.
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1∫
0
dt Jn (dtAt ,Ft , . . . ,Ft ) , (3.10)
where dt is the exterior derivative with respect to t and fulfills
dt
2 = 0 , ddt + dtd = 0.
The corresponding field strength Ft = dAt +At At transforms covariantly and satisfies Bianchi’s 
identities
dFt = AtFt − FtAt . (3.11)
Note that Jn is a closed 2n-form and that Q2n−1 is antisymmetric in its arguments and invariant 
under simultaneous gauge transformation of the 2 connections A0 and A1. Chern’s formula also 
holds if we extend our variables to the ghost dimension as done in section 2
d˜ = d + s , A˜0 = A0 + c0 , A˜1 = A1 + c1, (3.12)
where the ci ’s are the Faddeev–Popov ghosts related to the Ai’s connections. From horizontality 
conditions, eq. (2.37), one readily obtains
Jn(F˜ , . . . , F˜ ) = Jn(F, . . . ,F ). (3.13)
Another important technical ingredient is the “Cartan’s homotopy operation”, lt , which allows 
to obtain explicit relations between different Q’s. So let us introduce lt which has the following 
effect on a form in (dxm, dti) with respective degree (r, s)
(r, s)
d−→ (r + 1, s)
(r, s)
dt−→ (r, s + 1) (3.14)
(r, s)
lt−→ (r − 1, s + 1),
and fulfills the relations
lt d − d lt = dt , lt dt − dt lt = 0. (3.15)
lt is completely defined by its action on polynomials generated by At, Ft , dt At and dt Ft .
Let At be defined as the convex combination
At =
p∑
i=0
ti Ai, (3.16)
with real coefficients ti satisfying 
∑p
i=0 ti = 1, so that lt acts as follows
lt At = 0 , lt Ft = dt At ,
lt dt At = 0 , lt dt Ft = 0
(3.17)
and dt acts as a derivative on the p dimensional space spanned by t = (t1, . . . , tp). The extended 
Cartan homotopy formula in differential form follows from the identity
dt e
lt P = elt d P − d eltP, (3.18)
where P is a polynomial in At, Ft , dt At , dt Ft . As (3.18) is expanded in powers it yields
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l
p−1
t
(p − 1)! P =
l
p
t
p!d P − d
l
p
t
p! P . (3.19)
To obtain the integral form, we integrate over a p-simplex Tp with boundary ∂Tp
∫
∂Tp
l
p−1
t
(p − 1)! P =
∫
Tp
l
p
t
p!d P − d
∫
Tp
l
p
t
p! P . (3.20)
To make contact with our problem, let us consider P = Jn(Ft , . . . , Ft) which verifies
lt Jn(Ft , . . . ,Ft ) = nJn(dtAt ,Ft , . . . ,Ft ). (3.21)
• Set p = 1, the simplex T1 = 〈A0, A1〉 is the segment with A0 and A1 as ends, its boundary 
is ∂〈A0, A1〉 = 〈A0〉 − 〈A1〉, then∫
∂T1
Jn(Ft , . . . ,Ft ) = Jn(F1, . . . ,F1)− Jn(F0, . . . ,F0). (3.22)
• Set p = 2, the simplex T2 = 〈A0, A1, A2〉 has the boundary ∂T2 = 〈A0, A1〉 + 〈A1, A2〉 +
〈A2, A0〉. (3.20) reads∫
∂T2
lt Jn(Ft , . . . ,Ft ) = −12 d
∫
T2
l2t Jn(Ft , . . . ,Ft ). (3.23)
The LHS is easily evaluated thanks to (3.21) and (3.10) to be∫
∂T2
lt Jn(Ft , . . . ,Ft ) = n
∫
∂T2
Jn(dtAt , . . . ,Ft )
= Q2n−1(A0,A1)+Q2n−1(A1,A2)+Q2n−1(A2,A0). (3.24)
We end up with the “triangle formula” relating three Q2n−1:
Q2n−1(A0,A1)+Q2n−1(A1,A2)+Q2n−1(A2,A0) = d χ2n−2(A0,A1,A2), (3.25)
where explicitly the integrand of the RHS of (3.23)
χ2n−2(A0,A1,A2) = −n(n− 1)2
∫
T2
Jn(dtAt , dtAt ,Ft , . . . ,Ft ). (3.26)
This is the technical equipment5 needed to construct algebraically the supersymmetric version 
of the chiral anomaly in four dimensions, in which case we have n = 3.
More explicitly, let A˜0 = 0 and A˜1 = A˜, then
A˜t = t A˜ , F˜t = t d˜A˜+ t2A˜ A˜ (3.27)
and
J3(F˜ , F˜ , F˜ ) = d˜ Q5(A˜,0) (3.13)= J3(F,F,F ) (3.28)
5 Note that setting n = 2 would correspond to the familiar case of Chern–Simons forms where Q3 = T r(AF − 1A3).3
G.A. Girardi, R. Grimm / Nuclear Physics B 912 (2016) 224–237 233We remark that (3.28) tells that its LHS carries ghost number zero! So if we expand this relation 
into components with increasing ghost number – defining
Q5(A˜,0) = Q05 +Q14 +Q32 +Q23 +Q14 +Q50 = Q5,
– we obtain a full string of relations
J3(F,F,F ) = dQ05, (3.29)
0 = sQ05 + dQ14, (3.30)
0 = sQ14 + dQ23, (3.31)
0 = sQ23 + dQ32, (3.32)
0 = sQ32 + dQ41, (3.33)
0 = sQ41 + dQ50, (3.34)
0 = sQ50, (3.35)
where we recognize in (3.31) the consistency equation obtained earlier in (3.7). Therefore look-
ing for the anomaly requires to extract the Q14 component of Q5.
In the course of the calculation in the following section, we will have to take advantage of 
the gauge structure derived in section 2 to pass from one system of connection to another and to 
achieve this goal the key ingredient is the “triangle” formula, which reads for n = 3
Q5(A0,A1)+Q5(A1,A2)+Q5(A2,A0) = dχ4(A0,A1,A2). (3.36)
In the next section, it will prove very useful to choose the following triplet of connections (A0 =
X−1dX, A1 = A, A2 = 0) to describe the gauge variation of the Q5.
4. The supersymmetric non abelian anomaly
The analysis in the previous section applies to the supersymmetric case as well, in terms 
of the gauge potential A = EAAA and the ghost c. The presence of constraints for the matter 
superfields and the related Bianchi identities in superspace allowed to introduce ϕ, ω and ϕ¯, ω¯
and the relations between ϕ˜, ˜¯ϕ and A˜ given in section 2 in terms of the prepotentials U, V and 
W = V U−1, which have the form of gauge transformations. One can therefore establish relations 
between Q5(A˜, 0), Q5(ϕ˜, 0) and Q5( ˜¯ϕ, 0) using the corresponding triangle formulas
Q5(A˜)−Q5(ϕ˜) = d˜4(A˜,U), (4.1)
Q5(A˜)−Q5( ˜¯ϕ) = d˜4(A˜,V ), (4.2)
Q5( ˜¯ϕ)−Q5(ϕ˜) = d˜4( ˜¯ϕ,W), (4.3)
where we used the notations
Q5(A˜) = Q5(A˜,0) , Q5(ϕ˜) = Q5(ϕ˜,0) , Q5( ˜¯ϕ) = Q5( ˜¯ϕ,0). (4.4)
The quantities 4 are obtained from homotopy constructions (see section 3), for instance:
4
(
A˜,U
)
= 3
∫
T2
J3
(
dt A˜t , dt A˜t , F˜t
)
−
∫
T1
ltQ5
(
0, ˜(t)
)
, (4.5)
with
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˜(t) = −U−1(t)d˜ U(t) (4.7)
and similarly for (4.2) and (4.3). Expanding (4.1) in ghost number generates a string of equations 
with different ghost degrees, as for example
Q14(A˜)−Q14(ϕ˜) = d13(A˜,U)+ s 04(A˜,U). (4.8)
We are now prepared to construct the supersymmetric form of the non abelian anomaly [11,
14]. We start from the observation that the superspace equations still contain the consistency 
condition for the usual Adler–Bardeen anomaly. This can be seen as follows: Q14(A, c) is a four 
form in superspace namely
Q14(A, c) =
1
4!E
AEBECEDQ14 DCBA(A, c). (4.9)
For practical purposes it is convenient to split the whole superspace form degree, in the present 
case p = 4 into a triplet k, l, m with p = k + l + m, counting respectively the vectorial (k), 
undotted spinorial (l) and dotted (m) ones. In the case at hand consider k = 4, l = m = 0, so that 
the selected coefficient of Q14 carries only vector indices and reads
Q1400 = εdcbaT r
[
∂d(Ac∂b − 12AcAbAa)Aa
]
,
Q1400 =
1
4!ε
dcbaQ1400dcba. (4.10)
The superfield Q1400 satisfies the consistency conditions and its lowest component (θ = θ¯ = 0) 
reproduces the expression of the Bardeen anomaly, which we know to be non trivial.
The strategy is now to express this superfield Q1400 in terms of spinorial derivatives, gauge 
variations and spacetime derivatives of other superfields so that we end up with an expression of 
the form
16 i Q1400 = D2D¯2a(x, θ, θ¯)+ · · · , (4.11)
where precisely the ellipsis represent gauge variations and spacetime derivatives which can be 
ignored at the level of consistency conditions. Since D2D¯2 amounts to superspace integration 
the superfield a(x, θ, θ¯ ) is a supersymmetric solution to the consistency conditions.
The construction of a will make use of the descent equations and a triangle equation of the 
form (4.8). For practical calculations, it is more convenient to express them in terms of ϕ and ω. 
This is easily done with the help of (4.8). In order to make the calculations more transparent, we 
shall, from now on, define
Q14 ≡ Q14 (ϕ,ω) , Q05 ≡ Q05 (ϕ) . (4.12)
Next we write the descent equations at ghost number one and two
dQ14 (A, c)+ sQ05 (A) = 0,
sQ14 (A, c)+ dQ23 (A, c) = 0, (4.13)
explicitly as the coefficient of a superspace 5-form
1
5!E
AEBECEDEE
(
sQ05 EDCBA − 5DE Q14 DCBA − 10TEDFQ14 FCBA
)
= 0 (4.14)
1
EAEBECED
(
sQ14 DCBA + 4DDQ23 CBA + 6TDCFQ23 FBA
)
= 0 (4.15)4!
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T β˙γ
a = −2i (σa)β˙
γ
,
a constant, this preserves the linearity in the Q′s, a crucial feature for the construction.
The coefficient of eq. (4.14) with indices k = 3, l = 1, m = 1 reads
2i(σ d)δ
δ˙
Q1400 dcba −Dδ Q1301
δ˙
cba −Dδ˙Q1310 δ cba ∼ 0, (4.16)
where the sign ∼ means that we ignore gauge variations and spacetime derivatives as trivial 
terms. After this first step, we look after the equations which contain Q1301 and Q1310 as linear 
terms. Then, we proceed and after some algebra we obtain the following expression for the 
superfield Q1400
16iQ1400 ∼ D2Q1202 − D¯2
(
Q1220 +
i
4
DαQ1121 α
)
. (4.17)
The superfields appearing here are explicitly defined in [11]. As a function of the superfield ϕ, 
Q1202 is chiral, so the first term on the RHS of the above equation has the required form. This 
happy fact is due to the choice of expressing everything in terms of the chiral variables ϕ, ω; 
the second term however does not enjoy this property. Had we chosen ϕ¯ and ω¯ as variables, the 
second term would have been the good one and the first term the bad one.
The remedy to this situation is to use the triangle equation (4.1) and switch to ϕ¯, ω¯ as variables 
in the second term; there is however a price to pay since we introduce in this way non polynomial 
terms contained in the last term of eq. (4.5). Let us denote
Q14 (ϕ¯, ω¯) ≡ Q¯1¯4, (4.18)
then the analogue of (4.8) reads
Q14 − Q¯1¯4 = d13 (ϕ,ω,W)+ s04 (ϕ,ω,W) . (4.19)
Next we expand it to expose its components in superspace
1
4!E
AEBECED
(
Q14DCBA − Q¯1¯4DCBA + 4DD13CBA + 6TDCF13FBA
)
= 0, (4.20)
in which we already ignore trivial terms. Some algebra is needed to identify the unpleasant terms 
of (4.17) and (4.20) and to obtain the relation
D¯2
(
Q1220 +
i
4
DαQ1121 α
)
= D¯2Q¯1¯220 −
i
4
D¯2D21111. (4.21)
This is the result we were looking for, indeed we have found the solution of the consistency 
condition in the form anticipated in (4.11) and hence we have constructed the supersymmetric 
non abelian chiral anomaly.
As to the explicit expression of the coefficients, use the results of [11]
Q1202 = −
1
32
J3
(
ω, D¯2ϕα, D¯2ϕα
)
, (4.22)
Q¯1¯220 = −
1
32
J3
(
ω¯,D2ϕ¯α˙,D
2ϕ¯α˙
)
, (4.23)
together with equations (4.17) and (4.21) to obtain
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a = − 1
32
J3
(
ω,ϕα, D¯2ϕα
)
− 1
32
J3
(
ω¯, ϕ¯α˙,D
2ϕ¯α˙
)
− i
4
1111(ϕ˜,W). (4.25)
The first terms are fairly explicit and the last term contains the non polynomial contributions 
[15]. It is defined as follows
1111(ϕ˜,W) = −
1
4
(σ a)γ β˙ 
1
111γ
β˙
a(ϕ˜,W) (4.26)
and is the coefficient of the 3-form 13(ϕ˜, W ) with index structure k = l = m = 1, which is in 
turn the ghost number one piece of 4(ϕ˜, W) cf. (4.5). This latter form reads
4(ϕ˜,W) = 3
∫
T2
J3
(
dt ϕ˜t , dt ϕ˜t , F˜t
)
+
∫
T1
ltQ5(0, ˜(t)), (4.27)
with
ϕ˜t = t1ϕ˜ − (1 − t1 − t2)W−1d˜W , ˜(t) = −W−1(t)d˜W(t). (4.28)
The first term on the RHS of (4.27) is still polynomial, the non polynomial structure comes from 
the second term.
5. Conclusion
To summarize we have constructed algebraically the supersymmetric form of the non abelian 
chiral anomaly in supersymmetric Yang–Mills theory as a solution to the consistency conditions. 
The construction was based on the superspace version of the Chern’s formula and of the triangle 
equation together with the geometrical description of super Yang–Mills theory. We have tried 
to outline the general ideas of the construction, which is rather simple, without going into the 
details of superspace book-keeping, which is straightforward, but complicated.
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